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In this case, an expression for d2y/dx? is needed because it appears
inEq. (28). Equation (26) is differentiateda second time with respect
to x to determine dy/dx2. Before proceeding with this differentia-
tion, some additional intermediate variables are defined to simplify
the results of the differentiation

D =2ad(1/b), E =2ad (29)

The expressionford®y/dx? is quite lengthy but consists of two terms
in the numerator and a squared expression in the denominator:

d’y FG—HI
—_ 30
dx? J? (30)
The first factor F is
F = Exy(1+ay?)?~' — (1/b)(1 + ax*)? 31)

This expression goes to —1/b as x and y go to zero. The second
factor G is

d
G = Dxy(d — 1)(1 +ax*>)?~22ax + (1 + ax?)4~ ID(x a}’ +y>

dy
—d(1+ay?)?~12ya — 32
(I+ay”) ya 4 (32)

The value of all terms in this expression go to zero as x and y go
to zero. Thus, the product F'G goes to zero as x goes to zero. The
factor H in Eq. (30) is

H = Dxy(1 +ax*)’~" = (1 +ay*)’ (33)
In this case, as x and y go to zero, the value of this expression goes
to —1. Factor I in Eq. (30) is

d
I = Exy(d — 1)(1 + ay®)?~*2ay d—y
X
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The value of this expression becomes zero as x and y go to zero.
Thus, the limit of HI is zero. Therefore, the limit of the numerator
of Eq. (30) [FG — HI] is zero. The denominator is

J? = [Exy(1+ay?)?~ ' — (1/b)(1 + ax?)‘]? (35)

The limiting value of this expressionas x and y go to zerois (—1/b)2.
However, because the numeratoris zero, therefore,

mdzy _ =1/b-0—(=1)-0
r=0dx? (—1/b)? -

With the limits for both the first and second derivatives known, the
limit of the five terms of f”(x) in Eq. (28) simplifies to

0 (36)

9
lim f"(0) = lim »_ T;(x, y) = 4ac(0+b>+0 — 1 +0)
x=0 x=0 s
= dac(b* — 1) 37

Now Egq. (18) is used to express Eq. (37) in terms of the original
variables
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The limit for f”(x) can now be divided by the limit for g”(x)
[Eq. (21)] to determine the first term of the Cd,. expression

[Eq. (17)],
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Final Result

This third term limit is then added to the limiting values for the
other two terms in Eq. (17) to give
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Note that this simple result is independent of the value of y. This
result agrees with the data shown in Fig 9.3 of Ref. 1.

Conclusion
A simple expression, independent of y, for determining the ad-
ditive drag coefficient at static conditions has been derived from an
existing expression which predicts the additive drag coefficient at
non-static conditions.
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Intercusp Electron Transport in an
NSTAR-Derivative Ion Thruster
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Introduction

OR typical magnetic flux densities present in conventional ion

thruster discharge chambers, electron motion is influenced by
the presence of the magnetic field. In a well-designed ring-cusp
discharge chamber, the magnetic field between the magnetic cusps
provides a fairly high impedance path for electron flow to the an-
ode, thereby reducing electron losses to intercusp regions.' In this
respect, it is not surprising that many of the past studies regarding
electron transport to the anode in discharge chambers have concen-
trated on the magnetic cusps where most of the electron current is
collected.! Recently, however, in an effort to save on launch costs
as well as to satisfy requirements for smaller spacecraft missions,
low-mass ion thrusters are being developed$~'° Ton thruster mass
reductions can be achieved by reducing the number of magnet rings
in the ring-cusp magnetic circuit and by using lightweight, non-
magnetic materials such as aluminum and titanium for discharge
chamber construction. The NSTAR ion thruster, which provided
the primary propulsionfor the Deep Space 1 mission, is an example
of such an engine.'!> The NSTAR ion thruster featured only three
magnet rings and a discharge chamber constructed of titanium and
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aluminum. The reduction in the number of magnet rings and the
use of a nonmagnetic material for the discharge chamber tends to
reduce the intercusp magnetic field strength, which in turn gives
rise to an increase in electron current to intercusp anode surfaces.
Increased electron flow to anode surfaces between the cusps can
lead to a lower discharge voltage and, consequently, a reduction in
the bulk plasma ionization rate. Under these conditions, the nature
of electron flow to intercusp anode surfaces becomes important in
thruster operation. In an effort to address this issue, electron diffu-
sion to the anode surfaces between the magnetic cusps was studied
in an NSTAR-derivative ion thruster.

Experimental Apparatus

The ion thruster used in this investigation was mechanically iden-
tical to the NSTAR thruster. A schematic of the ion thruster and
internal discharge chamber wall probes is shown in Fig. 1. A screen
grid and accelerator grid comprised the high-voltage ion extraction
optics. The voltages at the screen and accelerator grid electrodes
(referenced with respectto neutralizercommon) ranged from 650 to
1500 V and —250 to —180 V, respectively, as thruster input power
varied from 0.5 to 4.6 kW. Thruster discharge power ranged be-
tween 120 and 465 W. Additional details regarding the 30-cm en-
gine, the power console, and the propellant feed system may be
found elsewhere.!’"!> As can be seen in Fig. 1, the aluminum dis-
charge chamber anode was conical with a downstream cylindrical
section. The magnetic circuit consisted of only three permanent
magnet rings: 1) the cathode ring, located at the backplate of the
conical section; 2) the cylindrical section ring, located at the junc-
tion between the cylindrical section and the conical section; and
3) the downstream ring, located at the most downstream flange of
the cylindrical section. For these investigations, xenon propellant
was used.

Disk-shapedmolybdenum wall probes, each with a 6.4-mm-diam
collection surface, were used to measure plasma properties at the
anode. These planar wall probes were flush mounted with the sur-
face of the anode as indicated in Fig. 1. There was approximately
a 1-mm vacuum gap between the edge of the each probe and adja-
cent anode surfaces. The probes were designated according to the
letters as indicated in Fig. 1. Wall probe A was located at the an-
ode near the midpoint between the cathode and cylinder magnetic
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Magnet Ring

Wall Probe A

Cathode

Magnet Ring Field Line

Cathode and

cusps, and wall probe B was located at the anode near the midpoint
between the cylinder and pole piece magnetic cusps. The down-
stream axial locations of probes A and B with respectto the cathode
magnet ring location was 74 and 189 mm, respectively. The mag-
netic field component parallel to the surface of wall probes A and
B was approximately 0.002140.0001 and 0.0023 £0.0001 T, re-
spectively. The probes were electrically isolated from the anode
wall and were held in place using modified compression fittings.
The wall probes were biased relative to cathode potential using a
variable dc voltage source to obtain langmuir current-voltage char-
acteristicsfrom which plasmadensity and electrontemperature were
calculated.

Langmuir Probe Error Analysis

Because the planar probe measurements were made in the envi-
ronment of the intercusp magnetic field, the analysis of the probes’
current-voltage characteristic had to take into account magnetic
effects. The magnetic flux at wall probes A and B was primarily
parallel to the surface of the probes. Under these conditions, elec-
trons must undergo cross-field diffusion to reach the probe surface.
The electrontemperatureis normally determined from a logarithmic
plotoftheelectron current vs probe voltagein the electron-retarding
region of the current-voltage characteristic. The electron tempera-
ture is proportional to the reciprocal of the slope of the linear fit to
this portion of the plot. In the presence of the magnetic field, the
electron current varies more slowly with increasing probe voltage
and can yield artificially high electron temperatures. Provided the
electron Larmor radius is not less than the probe’s sheath thick-
ness (collisionless sheath condition), the electron temperature can
still be determined from the probe’s current-voltage characteristic.
The collisionless sheath condition at probes A and B was satisfied
over all of the operation conditions investigated in this work. Un-
der these conditions, if the electron temperature is evaluated over
probe bias voltages that are sufficiently negative, the collected elec-
tron current dependence on voltage is still described by the thermal
Boltzmann factor; therefore, the linear portion of the curve at these
negative voltages will provide an accurate measurement of the elec-
tron temperature.**!* This approach was used to determine the elec-
tron temperature from wall probe’s current-voltage characteristicin
this investigation.

wall Probe B Downstream
Magnet Ring

Field Line .
~\ Accelerator Grid

Screen Gri

Discharge

Keeper

Fig. 1 Half-plane cross-section of NSTAR-derivative thruster revealing wall probes and magnetic circuit; dashed and dotted arrows indicate the line

along which Hall probe measurements were made.
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The intercusp magnetic field near the probes is not strong enough
to affection collection appreciably.In this case, the flow of ions to a
negatively biased wall probe can be expected to follow the relation

r=061-e-n,-Vk-T,/M, 1)

where e is the elementary charge of an electron, n, is the elec-
tron number density, k is the Boltzmann constant, 7, is the electron
temperature, and M; is the ion mass. When Eq. (1) and the deter-
mined electron temperature were used, the plasma density at the
sheath edge of the probe was determined.

The estimated overall uncertainty in the electron temperature
measurement was 15%, whereas the uncertainty in the plasma
density was estimated to be between 20 and 25%. Here the un-
certainty in the density is determined by sum of the fractional un-
certainty in the ion saturationcurrent(15%) and the fractionaluncer-
tainty in the squareroot of the electron temperature (7.5%) (Ref. 15).

In this work, the electron current collected by the probe at and
above the plasma potential was calculated and compared to exper-
imentally measured values. This comparison required locating the
plasmapotential from the experimentally measured current-voltage
characteristic. In general, the location of the plasma potential can
be determined graphically from a logarithmic plot of the electron
current vs the probe voltage. The plasma potential occurs at the in-
tersection (knee) of the electron retarding region and the electron
saturation portion of the plot. The knee can be determined by calcu-
lating the intersection of a linear fit to the electron retarding region
and a linear fit to the electron saturation region for each operat-
ing condition. In the presence of the magnetic field, however, this
extrapolation technique yields an apparent plasma potential that is
lower than the actual value. The magnitude of the plasma poten-
tial deviation AV, can be estimated from the formulism derived
by Sugawara.!* The fractional uncertainty in the plasma potential
due to the presence of the magnetic field (2-4%) plus the uncer-
tainty in the graphical determination of the plasma potential (1%)
yielded a total uncertainty of order 5%. The uncertainty in the lo-
cation of the plasma potential leads to an average uncertainty in the
experimentally determined electron saturation current of approxi-
mately 10%.

Results and Discussion

Background

Between the cusps, the magnetic field lines run approximately
parallel to the surface of the anode. This field limits the cross-field
diffusion of electrons to the anode surface. Figures 2a and 2b show
the variation in the measured intercusp magnetic field measured
at the anode surface as a function of position relative to the mag-
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Fig. 2a Normalized intercusp magnetic field along the surface of the
conical section.

' ]
' '
! ’
) Cylindrical Section Downstream H
[ ) s —_
144 i Magnetic Magnetic Cusp \
! Cusp '
'
' ]
w124 ! '
=2 [ !
= I '
£ 104 i !
= i Inter-cusp Region '
3 i !
g 87 :
= | !
E 5 ' Location of Wall Prabe B !
N I
E : ;
E 44 \ a H
S
Z E ./ !
\
2] | ]
e '
| [y SRS S !
0 1 T T T T T T T T T T T y
0 2 4 6 8 10 12

Location along Cylindrical Section Surface Downstreum of the Cylindrical Section Cusp, cm

Fig. 2b Normalized intercusp magnetic field along the surface of the
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netic cusps. The locations of probes A and B are also indicated in
Fig. 2. These measurements were made using a Hall probe. The
average uncertainty in the magnetic field measurement was approx-
imately 5%, whereas the uncertainty in the Hall probe’s position
was approximately 2%. The magnetic field in the intercusp region
of the conical section of the discharge chamber was normalized to
the magnetic field strengthmeasured at probe A. As indicated by the
dashed, double-sided arrow in Fig. 1, the magnetic field measure-
ments made at the surface of the conical section were taken with
the Hall probe’s sensing axis aligned parallel with an imaginary line
that included a point at the base of the cone as well as the cone’s
apex. When the probe s alignedin this manner, it measures the max-
imum value of the magnetic field component parallel to the surface
of the conical section. The magnetic field profile at the anode in the
cylindrical section was normalized to the magnetic field intensity
measured at wall probe B. The magnetic field measurements made
in the cylindrical section were made at the anode surface with the
axis of the Hall probe’s sensing element lying parallel to the axis of
the thruster (see double-sided, dotted arrow in Fig. 1). Again, this
orientation allowed for the determination of the maximum value
of the field component parallel to the cylindrical section surface.
The magnetic cusps are located at positions O and 18 cm of Fig. 2a
and positions 0 and 12 cm of Fig. 2b. The magnetic field strength
drops off rather rapidly as a function of increasing distance from
the magnetic cusps. However, as can be seen from Figs. 2, along
the anode, at distances greater than 2.5 cm away from the magnetic
cusps, the magnetic field does not vary appreciably. As can be seen
in Figs. 2, a significant portion of the anode surface lies in these
intercusp regions of relatively constant magnetic field. Indeed, over
70% of the anode’s surface area lies in these regions of relatively
constant magnetic field. Again, the focus of this work is to obtain
a better understanding of electron transport to the anode in these
regions.

Electron Transport to Anode Surfaces Between Magnetic Cusps

Ideally, in a ring-cusp discharge chamber, most of the electron
current to the anode is collected at the magnetic cusps. In practice,
depending on the field strength between the cusps, a significant
fraction of the discharge current can be collected at anode surfaces
between the cusps. It was found in an earlier NSTAR-derivative
thrusterstudy thatup to 30% of the dischargecurrentcanbe collected
at anode surfaces between the cusps.'®

In general, the cross-field flow of electrons to intercusp anode
surfaces may be expressed as'’

dn,
Je:_e'u'ne'Ex_e'DL'_ (2)
dr

where u is the electronmobility, E; is the electricfield, and D, is the
cross-field diffusion coefficient. Of interestis the functional behav-
ior of the cross-field diffusion coefficient. In general, plasma flow
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acrossa magneticfield is acomplicated problem. Under some condi-
tions, plasma flow obeys classicalformulismin which the cross-field
diffusion coefficient can be described by

D= .1+ (" 2)] ®

where D, is the electron diffusion coefficient in the absence of a
transverse magnetic field, w is the electron cyclotron frequency, and
v, is the total electron collision frequency.

Under certain conditions, potential oscillations driven by plasma
instabilities give rise to anomalous cross-field diffusion that is sub-
stantially larger than classical predictions. In a variety of cases,
such anomalous diffusion s best described by the Bohm cross-field
diffusion coefficient' 7~

D, =kT,/16-¢-B 4)

where B is the magnetic field component normal to the electron
flow. In this work, using Eq. (2) and measured plasma properties
at wall probes A and B, the electron current collected at and above
plasmapotentialwas calculatedas a function of wall probebias volt-
age. The total electron collision frequency, which is the sum of the
electron-neutral collision frequency and the electron-ion collision
frequency, was calculated based on momentum exchange between
the Maxwellian electrons at the mean thermal velocity and the back-
ground plasma using low energy electron-neutral and electron-ion
cross section data.!® Neutral densities inside the discharge cham-
ber were calculated from the propellant utilization efficiency. The
calculation of the electron current was done for two different dif-
fusion coefficients: 1) classical cross-field diffusion coefficient and
2) Bohm cross-field diffusion coefficient. The calculated electron
current was then compared with the measured electron current to
determine whether classical or Bohm best described electron diffu-
sion to anode surfaces between the magnetic cusps.

To calculate the electron current at the wall probes as a func-
tion of probe potential, the electric field at the sheath edge as well
as the electron density gradient must be determined. As shown in
Fig. 3a, for all cases investigated in this work, the electron current
at and above the apparent plasma potential was a linear function
of the potential of the probe relative to the plasma potential. The
constancy of the slope suggests the notion that the electric field in
Eq. (2) is proportionalto the potential difference across the sheath.
Equation (2) can then be recast,
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Fig. 3a  Electron current collected at wall probes A and B as a function
of probe voltage above the plasma potential at different thruster input
powers; note the linear variation in electron current with increasing
probe voltage.
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Fig. 3b Comparison between classical and Bohm electron flow to the
anodebetween magnetic cusps at probes A and B (2.3-k W input thruster
power).

Here, the electric field at the sheath edge may be expressed as the
productof the sheath potential AV and the constantof proportional-
ity d.¢. The slope of the line described by Eq. (2'), —e - i - n, - dogy,
can be obtained from a linear fit (see Fig. 3a). From the slope,
d.s can be calculated and, thus, be used to determine the effective
electric field at the sheath edge. This effectiveelectric field is a con-
sequence of potentials that leak out of the sheath and give rise to
electron drift toward the probe’s surface. Such fields cause the col-
lected electron currentto increase as a function of increasing sheath
potential.

The second term in Eq. (2') is associated with cross-field diffu-
sion. Classsically, in the presence of the transverse magnetic field,
the characteristic diffusion step is a Larmor radius.!” This scaling
provides a simple means for estimating the electron density gra-
dient. The cross-field spatial derivative of the electron density was
takento be the differencebetween plasma density in the bulk plasma
(outside the sheath) and the density at the probe’s surface divided
by the electron Larmor radius at the probe, (n,/r,).

When measured plasma properties and the local magnetic field
at each probe were used as inputs, the electron current was deter-
mined for both Bohm cross-field diffusion and classical cross-field
diffusion. The calculated electron current at each probe was then
compared to the measured values. Figure 3b shows the behavior of
the ratio of the calculated electron current to the measured electron
current as a function of probe voltage for the two wall probes at the
302-W discharge power condition (2.3-kW thruster input power).
As can be seen from Fig. 3, the electron collection between the
cusps is best described by assuming the classical cross-field diffu-
sion coefficient. To within experimental error (40%), the classical
diffusion relation predicted the magnitude of the electron current
over a wide discharge power range (200-465 W). Electron current
calculated assuming a Bohm cross-field diffusion coefficient was
over an order of magnitude larger than that which was measured.
Indeed, for the magnetic field intensities present between cusps, if
cross-field diffusion were Bohm-like, then the utility of magnetic
containment would be defeated due to excessive electron flow to
anode surfaces between the magnetic cusps. Note that the classical
relation for the electron current also tracked the functional behavior
of the electron current with increasing probe voltage. The rate of
change in the electron current with increasing probe voltage as cal-
culated using the Bohm diffusion coefficient case was less than that
actually measured as evidenced by the monotonically decreasing
ratios presented in Fig. 3b.

The suggestion that electron cross-field diffusionto intercusp an-
ode surfaces in the NSTAR-derivative ion thruster is classical im-
plies a number of interesting consequences: 1) Electron diffusion to
the anode surface between cusps is severely reduced (D, o 1/B?).
2) Because the diffusion is apparently classical, the discharge effi-
ciency penaltiesassociated with reduced intercusp fields in thrusters
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with fewer magnet rings or nonmagnetic discharge chambers may
not be so great.

Summary

Efforts to reduce thruster mass through the reduction in the num-
ber of discharge chamber magnets and the removal of discharge
chamber magnetic material can lead to a reduction in the intercusp
magneticfield atthe anode.Reductionsin the containmentcapability
of the intercusp magnetic field could lead to degradationin thruster
performance. To address this issue, electron transport to the anode
at the intercusp regions was investigated in an NSTAR-derivative
ion thruster. Intercusp electron flow to the NSTAR-derivative ion
thruster anode as measured at wall probes located between mag-
netic cusps was found to be classical. Additionally, based on this
finding, it should be possible to calculate the magnitude of electron
current lost between cusps provided the average magnetic field and
local plasma properties between cusps are known.
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Introduction

OMPUTATIONAL methods, which are implemented for opti-

mizing aerodynamic shape within the framework of complex
single/multidisciplinary optimization design (MDO), are becoming
popular in recent years. Most of the current methods of optimiza-
tion can generally be classified into two distinct groups, namely
deterministic and stochastic approaches. Deterministic optimiza-
tion methods, such as the gradient-based methods and sensitivity
analysis, have been favored by many researchers such as Frank
etal.! One salient feature of gradient-basedmethods is that they are
very efficient in finding the minima of continuously differentiable
problems, where sufficiently accurate derivatives can be obtained
atreasonablecost. The sensitivity analysis methods have been used
in aerodynamicshape design and MDO extensively in recent years;
however, sensitivity information cannot be easily extracted from
computationalfluid dynamics (CFD) codes, and this poses the main
obstacleforusing gradient-basedmethodsin developingtightly cou-
pled solutionmethods for MDO. Deterministic methods also largely
increase the work of constructing sensitivity analysis models in de-
sign problems using CFD. Stochastic optimization methods that are
quite robust in searching for the global optimum, such as simulated
annealing (SA), genetic algorithm (GA), and genetic simulated an-
nealing (GSA) method, are also being used as nontraditional opti-
mization methods in engineering and scientific research for single
and multidisciplinarydesign optimization. Parallel versions of these
algorithmshavebeenextensivelyappliedto solve practicalengineer-
ing problems for enhancing performance of these approaches and
reducing computational overburden in large number of evaluations
of the objective function. A survey of parallel simulated annealing
(PSA) has been detailed by Aarts and Korst.? Further work on these
PSA havebeen done by Diekmann et al.® and Gallego et al.* Parallel
genetic algorithms (PGA) has also attracted attention for its inherent
property of parallelization. The basic idea for GA in optimization
was introducedby Goldberg.’ Differentforms of implementationsof
PGA have been outlined by Bianchini and Brown® and Cantd-Paz.”
Doorly et al.® have successfully applied a PGA to the problem in
aeronauticaldesign optimization. The goal of the present study is to
use computationalfluid dynamics methods with PSA for global opti-
mization in the design space as describedin Wang and Damodaran’
and in which PSA has been shown to be a suitable tool for reducing
wall-clock time for the design of two-dimensional and axisymmet-
ric design problems on coarse-gained processors. In this study the
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